The video stream captured by an in-line holographic microscope can be analyzed on a frame-by-frame basis to track individual colloidal particles' three-dimensional motions with nanometer resolution. In this work, we compare the performance of two complementary analysis techniques, one based on fitting to the exact Lorenz-Mie theory and the other based on phenomenological interpretation of the scattered light field reconstructed with Rayleigh-Sommerfeld back-propagation. Although Lorenz-Mie tracking provides more information and is inherently more precise, Rayleigh-Sommerfeld reconstruction is faster and more general. The two techniques agree quantitatively on colloidal spheres' in-plane positions. Their systematic differences in axial tracking can be explained in terms of the illuminated objects' light scattering properties.
Introduction
Particle tracking based on quantitative analysis of video microscopy images [1] has become a standard technique in several branches of science and engineering. Time-resolved particle trajectories obtained from sequences of video images have been used to study the interactions between colloidal particles [2] , to address fundamental questions in statistical physics [3] , to probe the viscoelastic properties of soft media [4] and to measure the dynamical properties of single polymers [5] , among many other applications. Most of these studies have focused on motion parallel to the microscope's focal plane because three-dimensional tracking with conventional techniques requires extensive calibrations and accesses only a limited axial range [6] . Recent advances in in-line holographic video microscopy [7, 8, 9, 10] promise to overcome these limitations, providing access to three-dimensional trajectory data with nanometer resolution over very large volumes, with only the overall magnification of the optical train requiring calibration.
Here, we report on a head-to-head comparison between two complementary approaches to analyzing holographic video snapshots. The first involves fitting each image to predictions of the Lorenz-Mie theory of light scattering [9, 10] . It provides a wealth of information with outstanding resolution [9, 10, 11] , but is computationally very demanding and works only for particles whose light-scattering properties are described well by the theory. The second is more general and less computationally expensive, but relies on phenomenological interpretation to yield particle-tracking information. This approach uses Fourier diffraction theory [12] to approximately reconstruct the three-dimensional light field responsible for the recorded hologram [7, 8, 13] and associates features in this reconstruction with the structure [14] and orientation [7, 8, 14] of the sample. Using measurements on micrometer-scale colloidal spheres as a test case, we demonstrate that these two approaches agree quantitatively, except for a systematic offset in the measured axial positions, which can be accounted for quantitatively with LorenzMie optics.
In-line Holographic Video Microscopy
Our in-line holographic microscope, depicted schematically in Fig. 1(a) , is based on a commercial inverted light microscope (Nikon TE 2000U). The collimated beam from a 10 mW He-Ne laser (Uniphase, λ = 632.8 nm ) replaces the conventional incandescent illuminator. The resulting irradiance of roughly 10 nW/µm 2 is comparable to that of conventional microscope illumination and is too weak to exert measurable forces on the illuminated objects or to heat the sample appreciably. An object at position r p scatters a small portion of the incident plane wave, as depicted in Fig. 1 . The scattered light then propagates to the focal plane of the microscope, where it interferes with the unscattered portion of the laser beam. The resulting interference pattern is magnified by the microscope's objective lens (Nikon Plan Apo, 100×, numerical aperture 1.4, oil immersion) and projected by a video eyepiece (0.63×) onto a CCD camera (NEC TI-324AII), which records its intensity at 30 frames/s with an exposure time of 1 ms. The resulting video signal is recorded as uncompressed digital video with a digital video recorder (Pioneer DVR-520H) before being analyzed.
This system provides a calibrated magnification of 0.135 µm/pixel. When used with conventional illumination and analyzed with standard methods of digital video microscopy [1] , it typically yields a micrometer-scale sphere's in-plane position to within 1/10 pixel, or roughly 10 nm. With appropriate calibration, a sphere's axial position also can be measured to within 100 nm [1] . The axial range, however, is restricted to roughly ±5 µm by the limited depth of focus of the high-numerical-aperture objective lens. Illuminating the sample instead with coherent light provides access to more information at much higher resolution and over a much larger axial range, without requiring detailed calibrations. Extracting this information, however, requires a substantially more sophisticated analysis strategy. The unprocessed holographic image of a colloidal sphere in Fig. 1(b) illustrates some of the challenges of in-line holographic microscopy. In addition to the sphere's light-scattering pattern, this image is marred by speckle and is obscured by fringes due to all of the other surfaces and particles along the optical train. Many of these distracting features could be mitigated by reducing the correlation length of the illumination [15] , for example with a rotating diffuser [16] . This, however, would reduce the benefits of holographic imaging relative to conventional incoherent imaging. Most of the unwanted interference fringes could be scaled out of the spatial bandwidth of the imaging system by illuminating the sample with a diverging laser beam. Collimated illumination, however, presents a much simpler scattering geometry that lends itself to precision analysis.
Holographic Particle Tracking
We model the incident illumination as a plane wave,
propagating alongẑ with wavenumber k = 2πn m /λ in a medium of refractive index n m . Both the transverse amplitude profile u 0 (r) and the polarizationε 0 are assumed to be independent of z. The wave scattered by the sample,
propagates in three dimensions with complex amplitude E s (r, z) and spatially varying polarizationε(r, z). The measured intensity at point r in the focal plane is due to the superposition of the incident and scattered waves,
If we assume that most of the static defects in the recorded image arise from variation in the illumination, then they can be removed by normalizing I(r) with a measured background image [8, 10, 11, 14] . The success of this procedure can be judged by the normalized hologram in Fig. 1(c) , whose visual quality approaches that of a conventional microscope image. Assuming, furthermore, that the object's height above the focal plane is greater than its size, the geometric rotation of the scattered polarization will be comparatively small, so thatε * 0 ·ε(r, 0) ≈ 1. This approximation can be improved by deliberately defocusing the microscope. An optically isotropic sample's normalized hologram then is described by
where the reduced scattered field is
Equation (5) is the point of departure for the two approaches to holographic particle tracking that we will compare. The first involves fitting the recorded images to predictions of the exact Lorenz-Mie theory for light scattering. The second involves tracking features in the threedimensional light field reconstructed from a recorded hologram using the Rayleigh-Sommerfeld diffraction integral.
Lorenz-Mie Fitting
The scattered field at position r in the focal plane due to an object at r p relative to the center of the focal plane may be written as where f s (r) is the normalized scattering function. In this case, Eq. (5) reduces to
Given an analytic form for f s (kr), a normalized hologram may be fit to Eq. (7) for the position of the particle r p as well as any free parameters in the scattering function [9] . Lorenz-Mie theory describes the scattering function as an expansion [17] 
in the vector spherical harmonics, N
e1n (kr) and M
o1n (kr), whose coefficients, α n and β n , depend on the size, shape, composition, and orientation of the object and on the structure of the illuminating field. For a homogeneous isotropic sphere of radius a p and refractive index n p illuminated by a linearly polarized plane wave, the expansion coefficients are expressed in terms of spherical Bessel functions and spherical Hankel functions as [17] 
where m = n p /n m and where primes denote derivatives with respect to the argument. This form assumesε 0 =x, which is appropriate for our microscope. The scattering coefficients fall off rapidly with order n, and the series is found to converge after a number of terms n c = ka p + 4.05 (ka p ) 1/3 + 2 [17, 18] , which typically is less than 30 for micrometer-scale latex spheres in water. To compute f s (kr) in practice, we use the accurate but numerically intensive continued fraction algorithm due to Lentz for the expansion coefficients [19] and the more efficient recurrence algorithm due to Wiscombe for the vector spherical harmonics [20] .
The images in Fig. 2 are the normalized image of a 1.51 µm diameter polystyrene sphere in water (Polysciences Lot 526826) and a pixel-by-pixel nonlinear least-squares fit to Eqs. (7) through (10) for r p , a p and n p . Fits are performed with the MPFIT implementation [21] of the Levenberg-Marquardt algorithm [22] whose rigorous estimates for the adjustable parameters' uncertainties suggest that the sphere's center has been identified with a precision of 1 nm in all three dimensions. This estimate of the measurement resolution has been confirmed by independent measurements of similar colloidal particles' dynamics [9, 10] . Similar part-per-thousand resolution is achieved for the particle's radius and refractive index. The quality of the fit can be seen in the azimuthally averaged results that also are plotted in Fig. 2 . In this particular example, the particle is found to have a radius of a p = 0.816 ± 0.001 µm, a purely real refractive index of n p = 1.5821 ± 0.0006, and is centered at z p = 11.534 ± 0.003 µm above the focal plane.
Fits to Lorenz-Mie theory can be this successful because the interference fringes in each holographic image can be defocused enough to cover thousands of pixels. In conventional bright-field imaging, by contrast, a particle at such a large height above the focal plane would be effectively invisible.
If the illumination were not sufficiently collimated, the incident wavefronts' curvature would introduce position-dependent distortions into the holograms that would not be accounted for by Eq. (7). We find the fit values for a particle's size and refractive index to be independent of its position in the microscope's 78 × 65 µm 2 field of view. Wavefront curvature therefore should not affect estimates for particles' positions.
Rayleigh-Sommerfeld Back-Propagation
The hologram of a colloidal particle also can be used to reconstruct the three-dimensional light field that created the hologram. Although such reconstructions may be treated as volumetric renderings of the scattered object [7, 8, 23] , they are more properly interpreted as renderings of the scattered field, E s (r, z) or its intensity, |E s (r, z)| 2 . Such volumetric reconstructions can (a) (b) be computed from any hologram without knowledge of the scattering object's shape, size or composition. They also are much less computationally expensive than Lorenz-Mie fits. Features in the reconstructed light field may be associated with the positions and orientations of objects in the scattering volume [7, 8, 14] . Volumetric reconstructions therefore promise high-speed model-free measurements of multiple objects' positions and motions in three dimensions. How objects' actual positions are related to features in their back-projected holograms has not been assessed quantitatively in previous studies, however. To address this, we compare the precision measurements of the previous section with three-dimensional particle tracking results obtained with Rayleigh-Sommerfeld back propagation. The wave scattered by a particle spreads as it propagates. Its amplitude, consequently, should be substantially smaller than the illumination's once it reaches the focal plane. In that case, the third term in Eq. (5) is negligible compared with the other two and
If the complex scattered field were completely specified in the focal plane, it could be reconstructed at height z above the focal plane as the convolution,
of the scattered amplitude in the focal plane with the Rayleigh-Sommerfeld propagator [12] h −z (r) = 1 2π
where R 2 = r 2 + z 2 . The sign convention for z accounts for the object's position upstream of the focal plane. Equation (12) may be rewritten with the Fourier convolution theorem as
where
and [24, 25, 12 ]
To use this formalism to reconstruct the scattered field, we note that the Fourier transform of
where U R (q, z) is the Fourier transform of E R (r, z). From this,
may be recognized to be the superposition of the scattered field at height z above the focal plane and a spurious field due to the object's mirror image in the focal plane, which is known as the twin image. The twin image's influence on the reconstructed field is reduced by defocusing, which also improves the approximations underlying Eq. (11). In the further approximation that the illumination is uniform, the reconstructed scattered field is
The associated intensity, I s (r, z) = |E s (r, z)| 2 , is an estimate for the scattered light's intensity at height z above the focal plane. The example in Fig. 3(a) shows a typical volumetric reconstruction in 0.135 µm slices for a 1.5 µm diameter polystyrene sphere in water, the reconstructed rays converging to the diffraction-limited bright red spot roughly 10 µm above the focal plane.
Because the projection operation in Eq. (12) assumes the medium to be homogeneous and isotropic, it cannot account for light's distortion by the object itself. Consequently, the reconstructed field upstream of an object is degraded by artifacts, as is the case for z > 12 µm in Fig. 3(a) . Reconstruction artifacts overlap the images of objects that are located upstream of a scattering particle. Nevertheless, the volumetric image in Fig. 3(b) (Media 1) of the intensity scattered by a collection 1.58 µm diameter silica spheres in water (Duke Scientific Lot 24169) shows clearly resolved maxima, even when spheres are occluded by their neighbors [8] . These 22 spheres were arranged with holographic optical traps [26, 27, 28] into a body-centered cubic (bcc) lattice with a 10.8 µm lattice constant. The colored regions in Fig. 3 Whereas Lorenz-Mie fitting requires a specific model for each object's light scattering properties, Rayleigh-Sommerfeld back-propagation also can be applied to objects whose structures are not known, or for which no numerically stable scattering function is available. To illustrate this, the normalized holograms in Figures 4(a) and (c) were obtained with two 1.58 µm diameter silica spheres, the second of which had a 40 nm thick cap of permalloy (80% Ni and 20% Fe) applied to roughly on octant. Asymmetric structure in the latter particle's hologram arises from the the superposition of two contributions, the symmetric scattering pattern due to the sphere and another less well characterized contribution from its cap. Asymmetries in the hologram change form and direction as the capped sphere rotates. This structure also is apparent in the volumetric reconstructions in Figs. 4(b) and (c) . Whereas the uncapped sphere gives rise to a rotationally symmetric intensity pattern, the capped sphere's volumetric image has obvious structure. Both the location of the capped sphere and an indication of its orientation are captured by the volumetric reconstruction in Figure 4 , whose intensity maximum contrasts with those of ordinary spheres in that it is asymmetric.
It is tempting to associate the positions [1] of local maxima in the reconstructed intensity distribution with the actual positions of objects in the sample [7, 8] . The approximations used in deriving Eq. (19) coupled with the nonlinear phenomenological centroid identification [1] make it difficult to assess this method's accuracy and resolution a priori. Comparison with results of Lorenz-Mie analysis addresses this need. Figure 5(a) shows 10 s in the 10 min duration trajectory of a 1.5 µm diameter polystyrene sphere diffusing in water sampled at 1/30 s and analyzed with both Lorenz-Mie fitting and Rayleigh-Sommerfeld back-propagation. The two approaches agree quantitatively on the particle's in-plane position, as is shown by the histogram of differences in Fig. 5(b) . This distribution has peaks at 0.35 pixel offsets because brightness-weighted centroid detection is biased toward pixels' centers unless particular care is taken to match the detection window to the size of the object [1] . Because the resolution of the Lorenz-Mie fits is consistently better than 1 nm over the entire trajectory, the difference can be ascribed entirely to errors in interpreting the Rayleigh-Sommerfeld reconstructions. This systematic offset can be ascribed to the fundamental difference in what the two methods track. The Lorenz-Mie approach uses the exact theory for light scattering by a sphere. It therefore yields an estimate for the actual three-dimensional position of the sphere's center relative to the center of the focal plane. The Rayleigh-Sommerfeld approach, by contrast, seeks the center of brightness in the reconstructed scattering pattern, which generally falls downstream of the sample's center. This distinction has been noted in passing by previous studies [7, 8] . How it varies with the sample's position and physical properties has not previously been addressed.
Although the axial offset plotted in Fig. 5 (c) varies only weakly with axial position, the data in Fig. 5(d) for colloidal silica and polystyrene spheres of varying radii show a much stronger dependence on both composition and size. This means that back-propagation cannot reliably be used to measure three-dimensional separations in polydisperse and heterogeneous samples. Lorenz-Mie analysis accounts explicitly for individual spheres' size and refractive index and so should provide accurate estimates for axial positions regardless of size and composition.
Trends in the observed axial offsets constitute a self-consistency test both for the analyses and also for our instrumentation. The solid curves in Fig. 5 represent the distance from the center of a sphere to the point of maximum intensity in its forward scattering pattern computed with Eqs. (8) through (10) . This distance should correspond to the difference in axial position obtained with Rayleigh-Sommerfeld and Lorenz-Mie analyses. Quantitative agreement between these predictions and our measurements on two different materials over an order of magnitude in particle size supports both the correctness of our analysis and also the efficacy of our experimental implementation.
The axial offset is comparable to the measurement error in the Rayleigh-Sommerfeld method for the smallest spheres in Fig. 5(d) . This observation suggests that objects with features smaller than the wavelength of light may be tracked in three dimensions at high resolution using Rayleigh-Sommerfeld back propagation, even if the shape and composition of the object is not known. This, in turn, explains why Rayleigh-Sommerfeld back-propagation has proved successful at tracking the three-dimensional positions and orientations of diffusing metal oxide nanorods, two of whose dimensions are smaller than the wavelength of light [14] .
Although Rayleigh-Sommerfeld back-propagation provides less information than LorenzMie fitting, it is more flexible and substantially faster. Computing each reconstructed axial slice requires roughly a dozen float-point array operations and a Fourier transform. Depending on the desired axial range and resolution, a few hundred slices may be computed for a single volume. By contrast, each evaluation of the Lorenz-Mie scattering function with Eq. (8) requires well over a hundred float-point array operations, and each fit requires as many as a hundred evaluations. Ten full Rayleigh-Sommerfeld reconstructions consequently can be computed in the time required for a single Lorenz-Mie fit. Identifying and locating maxima in the reconstructions does not add substantially to the processing time [1] .
We reduce the computational overhead of both analysis methods by performing array calculations on the graphical processing unit (GPU) of a high-end graphics card using the GPUlib library [10, 29] . Hardware-accelerated analysis typically yields ten volumetric reconstructions per second or one Lorenz-Mie fit, which is fast enough for near-real-time characterization of individual colloidal particles [9, 10, 11, 30] , visualization of three-dimensional flows [10] , measurement of rheological properties [31] and performance of medical diagnostic tests [10] .
Conclusion
Our measurements on colloidal spheres demonstrate that Rayleigh-Sommerfeld backpropagation can be a fast, flexible and effective method for tracking objects in three dimensions. Axial positions obtained by tracking intensity maxima in the reconstructed light field differ systematically from the true position for spheres larger than the wavelength of light. These deviations depend on the spheres' size and refractive index, and thus can lead to errors in estimates for relative separations among dissimilar objects in three dimensions. Fortunately, particles smaller than the wavelength of light have negligibly small offsets, suggesting that Rayleigh-Sommerfeld back propagation may be most useful for analyzing the motions of small objects whose shapes sizes and compositions are unknown.
Our comparison of these techniques over an order of magnitude in particle size suggests that the measurement error in Rayleigh-Sommerfeld tracking can be better than 100 nm in all directions over the entire accessible axial range. Although this compares poorly with the nanometer resolution of Lorenz-Mie tracking, Rayleigh-Sommerfeld tracking appears to be more effective for many-body systems and can be applied to objects of any shape [14] .
Alternatives to Lorenz-Mie theory such as the discrete dipole approximation (DDA) or finite difference time-domain (FDTD) calculations may be able to provide the basis for highresolution tracking and characterization for more highly structured samples than isotropic homogeneous spheres. In all such cases, Rayleigh-Sommerfeld back-propagation can provide a useful starting point for the fitting process, provided that account is taken of the size-and composition-dependent axial offset.
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